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Ž .We study the exponential growth of the codimensions c L of a finite-dimen-n
sional Lie algebra L over a field of characteristic zero. We show that if the
n
solvable radical of L is nilpotent then lim c L exists and is an integer.' Ž .n“‘ n
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1. INTRODUCTION
² :Let A be an associative PI-algebra over a field F and let F X be the
 4free algebra on the countable set X s x , x , . . . . For every n G 1 let V1 2 n
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be the space of multilinear polynomials in x , . . . , x . If Q is the T-ideal of1 n
Ž . Ž .polynomial identities of A, then c A s dim V rV l Q is the nthn F n n
codimension of A. Lie codimensions are defined similarly.
w xIt was proved in R1 that if A is an associative PI-algebra, the sequence
of codimensions of A grows at most exponentially. The same is not true
for nonassociative algebras. For Lie algebras there are many significant
Ž w x.and nontrivial results in this direction see, for example, M . It turns out
that the codimension growth behavior in the Lie case is much more
complicated. For instance, there are examples of Lie algebras with overex-
w xponential growth of the codimensions. In P Petrogradsky gave the whole
scale of fast-increasing growths and he also exhibited examples of Lie
Ž w x.algebras with such fast-increasing growths see also Ra . On the other
hand, there are many algebras with polynomial growth of the codimensions
w xM and as in the associative case there are no varieties with intermediate
Ž .between polynomial and exponential growth. The class of Lie superalge-
bras is wider than the class of Lie algebras. It gives us additional examples
of codimension growth behavior. For example, the list of varieties of Lie
superalgebras of polynomial growth is much bigger than in the Lie case
Ž w x.see MZ .
If the Lie algebra is a subalgebra of some associative PI-algebra then its
codimension growth is bounded by some exponential function. This holds,
for instance, for finite-dimensional Lie algebras. We should mention that
this property does not characterize subalgebras of associative PI-algebras;
in fact there are examples of Lie algebras of other types with exponentially
Ž w x.bounded growth for all examples we refer the reader to the survey M . If
n
nŽ .0 - c L - a then q s c L is a bounded sequence and both' Ž .n n n
lim sup q and lim inf q exist. But it is an open question as ton“‘ n n“‘ n n
when they coincide. This is equivalent to the existence of lim c L .' Ž .n“‘ n
n
If that limit exists, then a s lim c L is called the exponential' Ž .n“‘ n
growth of L.
In this paper we study mainly the following problem: Let L be a
n
finite-dimensional Lie algebra. Then, when does a s lim c L' Ž .n“‘ n
exist, and when it exists, is it an integer?
The analogous problem in the associative case has recently been solved
w xby proving that in that case a is always an integer GZ1, GZ2 .
w xIn GRZ we showed that a is an integer for any finite-dimensional
semisimple Lie algebra. For finite-dimensional solvable algebras it was
w xshown in MP that they grow exponentially and that this growth is an
integer except in a few cases of polynomial growth.
On the other hand, the existence of Lie algebras with a fractional
w xexponential growth was proved recently MZ1 .
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In this paper we study the codimension growth behavior of finite-dimen-
sional Lie algebras over a field of zero characteristic. If L is nilpotent
Ž .then, obviously, c L s 0 for sufficiently large n. In the non-nilpotentn
case we show that the growth of the codimensions of any finite-dimen-
sional Lie algebra, whose radical is nilpotent, is exponential and that the
growth of the algebra is an integer.
2. THE UPPER BOUND
In order to simplify the notation we denote by P the space of multilin-n
ear Lie polynomials in x , . . . , x . For any natural numbers d, k, t, we let1 n
x1, . . . , x1 , . . . , x k, . . . , x k, y , . . . , y be distinct variables. We define Q1 d 1 d 1 t d, k
j Žas the set of all multilinear polynomials f on x , y , . . . , y 1 F i F d,i i t
.1 F j F k, t s 0, 1, . . . such that f is alternating on each set of variables
 j j 4x , . . . , x , for j s 1, . . . , k.1 d
It is well known that an extension of the ground field does not affect the
codimension growth. Hence, we can assume that F is algebraically closed.
We will use this assumption only in Lemma 3, in order to obtain a lower
bound for the growth of the codimensions.
For an upper bound we need the following result from our previous
Ž w x.paper see GRZ, Proposition 5.1 .
LEMMA 1. Let L be a finite-dimensional Lie algebra satisfying all the
LŽ . r nidentities f ’ 0, f g Q , for some d and k. Then c L F cn d fordq1, k n
some constants C, r.
Ž .Now we will define an integer d s d L for the Lie algebra L s G q N
with the semisimple Levi subalgebra G and solvable radical N. We assume
that N is nilpotent. Consider all possible Lie products of the form
M , L, . . . , L , M , L, . . . , L , M , . . . , M / 0, 1Ž .1 2 3 t^ ‘ _ ^ ‘ _
q q1 2
where M , M , . . . , M are minimal right G-submodules of G or of N1 2 t
Ž .under the adjoint action, and q , q , . . . , q G 0. In 1 we use the1 2 ty1
w x w ww x xnotation A, B, C, . . . , D for the left-normed product ??? A, B , C , . . . ,
xD of elements or subspaces A, B, C, . . . , D from some Lie algebra. Let Ti
Ž .  w x 4be the centralizer of M in G, i.e., T s C M s a g G ‹ a, M s 0 .i i G i i
By the Jacobi identity, each T is an ideal in G. Denote by p thei
Ž .codimension of T l ??? l T in G. We define d s d L as the maximal1 t
Ž .value of p for all possible non-zero products 1 .
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Ž .LEMMA 2. Let f s f x , . . . , x , y , . . . , y be a multilinear Lie poly-1 m 1 dq1
nomial in which y , . . . , y are alternating. Then for any substitution f :1 dq1
Ž .x “ x g L, y “ y g G, f f s 0 holds.i i j j
Proof. Consider the adjoint representation ad: L “ L of L: a(ad b s
w x w xa, b . If Y s ad y ??? ad y then we will use a notation x, y , . . . , y s xY1 k 1 k
< <and will say that k is the length of Y, Y s k. Any multilinear Lie
polynomial on x , . . . , x , y , . . . , y may be written as a linear span of1 m 1 dq1
monomials
x Y x Y ??? x Y , 2Ž .Ž . Ž . Ž .i 1 i 2 i m1 2 m
< <where Y , . . . , Y are associative monomials on ad y , . . . , ad y , Y1 m 1 dq1 1
< <q ??? q Y s d q 1. Denote by A the alternating operator on y , . . . , y :m 1 dq1
Ž .s Ž . Ž .A s Ý y1 s . Then A f s d q 1 ! f since f is alternating ons g SymŽdq1.
Ž .y , . . . , y . So f is a linear span of polynomials A g , where g is of the1 dq1
Ž . Ž .type 2 . Hence, to prove our lemma it is sufficient to verify that f g s 0,
where
g s A x Y ??? x Y 3Ž . Ž . Ž .Ž .1 1 m m
< < < < < < < <for any Y , . . . , Y with the lengths Y , . . . , Y G 0, Y q ??? q Y s1 m 1 m 1 m
d q 1.
Let x , . . . , x be some elements from L. For our purpose it is suffi-1 m
cient to take x g G or x g N for any i s 1, . . . , m. Define subspacesi i
< <M , . . . , M in the following way. If Y ) 0 then M is the ideal in L1 m i i
< < Ž .generated by x . If Y s 0 then M s L. So, the value of g from 3 underi i i
w xsuch a substitution lies in M , M , . . . , M for any y , . . . , y g G. If1 2 m 1 dq1
w x Ž . w xM , . . . , M s 0, then f g s 0. Suppose M , . . . , M / 0. Consider1 m 1 m
< <the factor M corresponding to Y ) 0. By definition, M is an ideal in Li i i
and it is a direct sum M 1 [ ??? [ M ni of irreducible G-submodules. It isi i
1 niŽ .sufficient to prove the equality f g s 0 for x from one of M , . . . , M .i i i
< <It means that the initial M , . . . , M corresponding to Y ) 0 may be1 m i
taken as irreducible G-modules.
Ž .Denote by T the intersection of all the centralizers T s C M withi G i
< < Ž .Y ) 0. By the definition of the number d s d L , the codimension of Ti
in G is less than or equal to d. Fix some basis E in G with no more than d
elements out of T and all other elements from T. We prove that all the
values of g are zero if y , . . . , y g E. If all of y , . . . , y are not from1 dq1 1 dq1
Ž . ŽT , then at least two y 's are equal, hence f g s 0 since g alternates oni
.y , . . . , y .1 dq1
Assume at least one of y , . . . , y lies in T. We will show that1 dq1
w x w x w xM Y , M Y , . . . , M Y s 0 in this case, where M Y s M , y , . . . , y1 1 2 2 m m i i 1 k
if Y s ad y ??? ad y . Recall that M , . . . , M are irreducible G-modules1 k 1 m
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of L and ad y , . . . , ad y act only on irreducible G-submodules. But one1 dq1
of ad y , . . . , ad y lies in T. Therefore one of M Y , . . . , M Y , with1 dq1 1 1 m m
non-zero length of Y , is zero. This completes the proof of the lemma.i
LEMMA 3. With the abo¤e notation, let N p s 0. Then f ’ 0 on L for any
f g Q .dq1, p
Proof. By the definition of Q the polynomial f depends on pdq1, p
alternating sets, each of length d q 1. If we replace all the elements from
one alternating set by elements from the semisimple part G, we get zero
value by Lemma 2. So at least one element from any alternating set should
be taken from N. But in this case the value of f belongs to N p s 0. The
proof is complete.
Lemmas 1 and 3 give us the following upper bound for codimension
growth of L:
c L F Cnrdn .Ž .n
n
This clearly implies that lim sup c L F d.' Ž .n“‘ n
3. LOWER BOUND AND THE MAIN RESULT
In the final part of this paper we find a lower bound of similar
magnitude.
Ž . LŽ . ys nLEMMA 4. Let d s d L as abo¤e. Then c L G Cn d for somenn
positi¤e constants C, s. Hence lim inf c L G d.' Ž .n“‘ N
Proof. By the definition of d we have a non-zero product of the form
Ž . Ž .1 with dim Gr T l ??? l T s d, where T is the annihilator of M in1 t i i
 4G. For this family M , . . . , M we construct semisimple or zero algebras1 t
A , . . . , A ; G. Since T is an ideal in the semisimple algebra G, one has1 t 1
a decomposition G s A [ T for some semisimple or zero A . Note that1 1 1
w xA is an ideal of G, i.e., A , G ; A . As a second step consider T l T .1 1 1 1 2
ŽIf T l T s T then define A s 0. If T l T / T then T s A [ T1 2 1 2 1 2 1 1 2 1
.l T for some semisimple A ; G. Note that A is also an ideal of G.2 2 2
Ž . Ž .Clearly, A [ A is a direct sum and dim A [ A s codim L : T l T .1 2 1 2 1 2
w xIn addition, M , A s 0. The next step is to consider a decomposition1 2
Ž .T l T s A [ T l T l T , and so on. As a result of this procedure1 2 3 1 2 3
 4we get the set A , . . . , A such that A s A [ ??? [ A is a direct sum,1 t 1 t
dim A s d, and M is a faithful A -module if A / 0. By the choice ofi i i
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A , . . . , A one has1 t
M , A s 0 if j ) i . 4Ž .i j
Ž .Now replace by L all the M 's in 1 with A s 0. After a renumeration ofi i
A , M , we obtain a non-zero producti i
M , L, . . . , L , M , . . . , M / 0 5Ž .1 2 t^ ‘ _
q1
Ž . Ž . Ž .with new q 's and t . As before, to 5 corresponds a similar semisimplei
subalgebra A of G, A s A [ ??? [ A is a direct sum, and dim A s d.1 t
Since any M is an irreducible G-module and A 1 G, M is a direct sumi i i
1 q Žof isomorphic irreducible A -submodules M s M [ ??? [ M see, fori i i i
w x. jexample, B, Theorem 3, Sect. 1.6.4 . Hence, any M is a faithful A -mod-i i
Ž .ule. It follows that we can assume in 5 that each M is an irreduciblei
Ž .faithful A -module. By 4 the conditioni
M , A , L, . . . , L, M , A , . . . , M , A s 0 6Ž .1 s Ž1. 2 s Ž2. t s Ž t .
Ž .holds for any non-trivial permutation s from Sym t .
Ž . Ž .Using 5 and 6 we construct multilinear polynomials which are not
identities on L and they give us the lower bound for the codimension
Ž .growth. Denote q s q q ??? qq . It follows from 5 that there exist1 ty1
some elements a g M , i s 1, . . . , t and b , . . . , b g L, such thati i 1 q
a , b , . . . , b , a , . . . , a / 0. 7Ž .1 1 q 2 t1
Now let U be an associative algebra and let H be a Lie subalgebra of U
Ž w x.under the bracket operation , . Recall that if U is generated as an
associative algebra by H, then U is said to be an enveloping algebra for H
Ž .and the pair U, H is called an associative-Lie pair. An associative
Ž . Ž .polynomial f is an identity for the associative-Lie pair U, H if f
Ž w x.vanishes under all substitutions from elements of H see Ra . Consider
the adjoint representation ad L “ L of L. Let H be some semisimple
subalgebra A and let M s M be a faithful irreducible H-module. Wei i
wcan consider H as a semisimple subalgebra in U s End M. Then by Ra,
x Ž .Theorem 12.1 for the pair U, H , there exists a multilinear associative
central and nonidentity polynomial
f s f x1 , . . . , x1 , . . . , x k , . . . , x k ,Ž .1 d 1 di i
 j j 4which alternates in each set of variables x , . . . , x for j s 1, . . . , k. Here1 di
Ž .d s dim A . The number k depends on U, H but we can take a producti i
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of a few copies of f and make k common for all i s 1, . . . , t. By centrali
polynomial is meant that for suitable hi , . . . , hi g H s A ,1 d ii
a( f ad hi , . . . , ad hi , . . . , ad hi , . . . , ad hi s b a, 0 / b g F ,Ž .i 1 d 1 d i ii i
for any a g M. Let r g N be arbitrary and denote by g a product of ri
copies of f in disjoint sets of variables,i
g s f x1 , . . . , x1 , . . . , x k , . . . , x k ???Ž .i i i , 1 i , d i , 1 i , di i
f x kŽ ry1.q1 , . . . , x kŽ ry1.q1 , . . . , x k r , . . . , x k rŽ .i i , 1 i , d i , 1 i , di i
j iand by g the value of g on x s h . Note that g alternates on each ofi i i, l l i
the sets of variables x j , . . . , x j , j s 1, . . . , kr, andi, 1 i, di
ra ( g s b a , b / 0. 8Ž .i i i i
Ž . Ž .Clearly, deg f s kd and deg g s rkd . Consider a multilinear polyno-i i i i
Ž .mial F of degree n s kr d q ??? qd q q q t s krd q q q t,1 t
F s A , . . . , A x ( g , y , . . . , y , x ( g , . . . , x ( g ,Ž . Ž . Ž .Ž .1 k r 1 1 1 q 2 2 t t1
where the operator A means an alternation of the d q ??? qd variablesj 1 t
x j , . . . , x j , . . . , x j , . . . , x j .1, 1 1, d t, 1 t, d1 t
Explanation: f corresponds to the k = d rectangle, the variables ini i
each column are alternating. Similarly, g corresponds to the rk = di i
rectangle. Now F is obtained by putting these rectangles one on top of the
other, then alternating the variables in the columns: A alternates thel
variables in the lth column.
Ž . X XBy 6 , the action of A can be replaced by the action of A , where Al l l
only alternates the variables within each subrectangle. It now follows from
Ž . Ž . j i7 and 8 that the value of F on x s h , x s a , l s 1, . . . , d , j si, l l i i i
1, . . . , kr, i s 1, . . . , t, y s b , . . . , y s b is equal to a non-zero element1 1 q q
r
b ??? b a , b , . . . , b , a , . . . , a .Ž .1 k r 1 1 q 2 t1
Thus, the algebra L does not satisfy the identity F ’ 0.
Recall that P is the space of the multilinear Lie polynomials onn
Ž .x , . . . , x . Let W be the Sym n -submodule of P generated by the1 n n
element F. By complete reducibility, W, being a non-zero module, con-
w Ž .x Ž .tains at least one irreducible submodule of the type F Sym n e F forTl
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some Young tableau T corresponding to a partition l of n. Recall thatl
t
e s s y1 t ,Ž .Ý ÝTl
sgR tgCT Tl l
Ž . Ž .where R C are the row column permutations of T . Notice that ifT T ll l
Ž . Ž X.h l ) n s dim L then e g ’ 0 is an identity on L for any multilinear0 TlX X Ž .polynomial g , since the action of e on g alternates on h l ) dim LTl
Ž . Ž .variables. Hence, if h l ) n , e F f W.0 Tl
Ž . Ž .If the length v l of l i.e., the size of the first row of T is strictlyl
Ž . Ž .more than rk q q q t then e F s 0 in P . In fact, for any t g Sym n ,T nl
Ž .t F has exactly rk alternating sets of variables and q q t variables out of
these sets, and Ý s acts by symmetrizing v ) rk variables. Therefores g RTl
Ž . w Ž .x Ž .v l F rk q q q t if W contains F Sym n e F / 0.Tl
Let p be the index of nilpotency of the radical N, i.e., N p s 0. By
Lemma 3 the diagram T cannot contain d q 1 rows of the length p orl
Ž .more. Thus, l F p y 1 for all j G 1, where l s l , l , . . . . Also,dq j 1 2
clearly, if dim L s n , then l s 0. Hence, in the rows d q 1, d q0 n q10
Ž2, . . . , the diagram T contain no more than a fixed number of n s n yl 1 0
.d p y 1 boxes. Denote by l the length of the dth row of T . The maximuml
Ž .Ž .number of boxes out of the dth row is n q rk q q q t d y 1 , hence,1
Ž .Ž . Ž .Ž .l G n y rk q q q t d y 1 y n s rkd q q q t y rk q q q t d y 1 y1
n s rk y n , where n does not depend on r. It means that T contains a1 2 2 l
d = l rectangle with m s ld G rkd y n d s n y n boxes, and n is a2 3 3
constant independent of r. It is well known that the dimension of the
Ž . mcorresponding irreducible F Sym m -module M is a product of d with
some polynomially bounded factor. It follows from the hook formula for
Ž . Ž . Ž .dimensions of irreducible Sym n -modules the adim F Sym n e F GTl
nya dim M G Cnysdn. This completes the proof of the lemma.
The main result of the paper follows immediately from Lemmas 1, 3,
and 4.
THEOREM. Let L be a finite-dimensional Lie algebra o¤er a field of
characteristic zero, whose sol¤able radical is nilpotent. Then
n
L'lim c L s k ,Ž .n
n“‘
where k is a positi¤e integer.
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